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Abstract 

Let T = T(2n,q) be the dual polar graph of type Sp(2n,q). Underlying this 
graph is a 2?r-dimensional vector space V over a field F 9 of odd order q, together 
with a symplectic (i.e. nondegenerate alternating bilinear) form B : Vx V —> F q . 
The vertex set of T is the set V of all n-dimensional totally isotropic subspaces 
of V. If q = 1 mod 4, we obtain from T a nontrivial two-graph A = A(2n, q) 
on V invariant under PSp(2n, q). This two-graph corresponds to a double cover 
T —> T on which is naturally defined a Q-polynomial (2 n + l)-class association 
scheme on 2|V| vertices. 

Keywords: association scheme, Q-polynomial, symplectic group, two-graph, 
dual polar graph 


1. Introduction 

Association schemes [ 2 , jbj were first defined by Bose and Mesner Q in the 
context of the design of experiments. Philippe Delsarte used association schemes 
to unify the study of coding theory and design theory in his thesis where 
he derived his well-known linear programming bound which has since found 
many applications in combinatorics. There he identified two types of associ¬ 
ation schemes which were of particular interest: the so-called P-polynomial 
and Q-polynomial schemes. Schemes which are P-polynomial are precisely 
those arising from distance-regular graphs, and are well studied. In particu¬ 
lar, much effort has gone into the classification of distance-transitive graphs, 
the P-polynomial schemes which are the orbitals of a permutation group; and 
it is likely that all such examples are known. Also well-studied are the schemes 
which are both (^-polynomial and P-polynomial. A well-known conjecture 
p.312] of Bannai and Ito is the following: for sufficiently large d, a primitive 
scheme is P-polynomial if and only if it is Q-polynomial. 

Classification efforts for Q-polynomial schemes are far less advanced than in 
the P-polynomial case; in particular it is likely that more examples from per¬ 
mutation groups are yet to be found. The Q-polynomial property has no known 
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combinatorial characterization, making their study more difficult. However, the 
list of known examples (see [HI [H, [sj) indicates that these objects have inter¬ 
esting structure from the viewpoint of designs, lattices, coding theory and finite 
geometry. 

In this paper, we give a new family of imprimitive Q-polynomial schemes 
with an unbounded number of classes. These schemes are formed by the orbitals 
of a group, giving a double cover of the scheme arising from the symplectic 
dual polar space graph. We note that only one other family of imprimitive Q- 
polynomial schemes with an unbounded number of classes is known that is not 
P-polynomial, namely the bipartite doubles of the Hermitian dual polar space 
graphs, which are Q-bipartite and Q-antipodal. The schemes in this paper are 
Q-bipartite, and have two Q-polynomial orderings. Except when the field order 
q is a square, the splitting field of these schemes is also irrational. We note 
that this is the only known family of Q-polynomial schemes with unbounded 
number of classes and an irrational splitting field. In the last section we give 
open parameters for hypothetical primitive Q-polynomial subschemes of this 
family. 

Our paper is organized as follows: Background material on Gaussian coeffi¬ 
cients, two-graphs and double covers of graphs, are covered in Sections [3] EH In 
SectionS] we recall the standard construction of the symplectic dual polar graph 
T = T(2 n,q). There we also introduce the Maslov index, which we use in Sec¬ 
tion [5] to construct the double cover T —»• T when q = 1 mod 4. In Section [G] we 
construct a (2 n + l)-class association scheme S = S n ^ q from T; and in Section]]] 
we show that S is Q-polynomial. The P-matrix of the scheme is constructed in 
Section [8] A particularly tantalizing open problem is the question whether S is 
in general the extended Q-bipartite double of a primitive Q-polynomial scheme; 
see Section [9] 


2. Gaussian coefficients 


For all integers n, k we define the Gaussian coefficient 


K] = ca 


9 


i£- iXg! ] -i)-W x -1) 

(■9 k -i){q fc ~ 1 -i)-"(<7-i) ’ 
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if k ^ 0; 
if k < 0. 


In particular for k = 0 the empty product gives [p] =1. In later sections, q will 
be a fixed prime power; but here we may regard q as an indeterminate, so that 
for n ^ 0, after cancelling factors we find [£] £ Z[g]; and specializing to q = 1 
gives the ordinary binomial coefficients [^] 1 = (^). For general n £ Z we instead 
obtain a Laurent polynomial in q with integer coefficients, i.e. [^] £ Z[g, (p 1 ], 
as follows from conclusion (ii) of the following. 


Proposition 2.1. Let n,kffi £ Z. The Gaussian coefficients satisfy 
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(«) ra=<-«-")*rr 1 ].- 
m is [?] = [’;][«].' 

(w) [l] = [„"*.] whenever 0 < fc < n. 

Most of the conclusions of Proposition [TT] are found in standard references such 
as [lj. However, our definition of [^] differs from the standard definition found 
in most sources, which either leave [",] undefined for n < 0, or define it to 
be zero in that case. Our extension to all n £ Z means that the recurrence 
formulas (i) hold for all integers n, k , unlike the ‘standard definition’ which fails 
for n = k = 0. Property (i) plays a role in our later algebraic proofs using 
generating functions. In further defense of our definition, we observe that it has 
become standard to extend the definition of binomial coefficients (^) so that 
(“j”) = (—l) fe (" + £ -1 ) (see e.g. (J, p. 12]); and (ii) naturally generalizes this to 
Gaussian coefficients. We further note that (iii) holds for all n,k £ Z whether 
one takes the standard definition of [^] or ours. The one advantage of the 
standard definition is that it renders superfluous the extra restriction 0 ^ k ^ n 
in the symmetry condition (iv). The interpretation of [^] as the number of 
fc-subspaces of an ?r-space over F g is valid for all n ^ 0. 

In Section [8] we will make use of the well-known generating polynomials 

m— 1 oo 

E m (t)= (1 + q l t) = [™]t £ for m = 0,1,2,...; 

»=o £=0 

note that in the latter sum, the terms for £ > m vanish, yielding E m (t) £ Z [q, t] 
(or after specializing to a fixed prime power q , we obtain E m (t) £ Z[f]). Here 
we see the usual binomial coefficient (^) = \£{£— 1). In Section [8] we will make 
use of the following obvious relations: 

Proposition 2.2. For all m ^ 0, the generating function E m (t) satisfies 

(i) E m (-qt ) = ±g*E m (-t); 

(ii) E m (q 2 t) = 1+ i + g t * E m (qt); and 

(iii) E m (r 3 t) = 1 ~[ r ^ rt t E m (rt) where r = y/q. □ 


3. Two-graphs and double covers of graphs 


Here we describe the most basic connections between two-graphs and double 
covers of graphs; see umm for more details. Our notation is chosen to 
conform to that used in subsequent sections. 

Let V be any set. Denote by (^) the collection of all fc-subsets of V (i.e. 
subsets of cardinality k). A two-graph on V is a subset A C such that 
for every 4-set {x,y,z,w} £ (^), an even number, i.e. 0, 2 or 4, of the triples 
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{x,y,z}, {x,y,w}, {x,z,w}, {y,z,w} is in A. If A is a two-graph on V, then 
the complementary set of triples A = {{x,y, z} £ ( 3 ) : {x,y, z} ^ A} is also a 
two-graph, called the complementary two-graph on V. 

A graph on V is a subset F C ()()■ Elements of T are called edges. The 
complete graph on V is the graph Ky with full edge set (^). In general the com¬ 
plementary set of pairs F = {{a:, y} £ ()() : {x,y} ^ r} is the complementary 
graph on V. 

Every graph on V may be identified with a signing of the edges of the com¬ 
plete graph Ky, i.e. a function a : ( 2 ) —> {±1}- Under this correspondence, the 
graph corresponding to a has as its edge set ct _ 1 ( 1 ) = {{a;,?/} £ ( 2 ) : er(a :,y) = 
l}. (Here we abbreviate cr({a :,y}) = a(x,y).) 

Given T and a as above (which amounts to two graphs which may be entirely 
unrelated except for sharing the same vertex set V), we construct a new graph 
F = F ct with vertex set V = Vx{±l} and adjacency relation defined by 

(x, e) ~ (y, e') <*=> x ~ y and ee' = cr(x, y). 

(Note that (x, 1) (x, — 1) since T has no loops.) The map (x,e) £ a; is a 

double covering map 6 : T —> T, also called a double cover or simply a cover ; 
and the fibers of this map are the pairs 0 _ 1 (x) = {(x, 1 ), (x, — 1 )} where x £ V. 
(By definition, a covering map of graphs is a graph homomorphism 8 : T —> T 
such that for any vertex x £ T, the preimage of the neig hborhood graph r x is 
isomorphic to a disjoint union of copies of r^; see e.g. [lOj. ‘Double’ refers to the 
condition that the covering map is 2-to-l.) We also say that the vertices (x, 1) 
and (x, — 1) are antipodal with respect to the covering map. (Note that antipodal 
vertices must be at distance ^ 2 ; but we deviate from common custom by not 
requiring pairs of antipodal vertices to be at maximal distance diamr.) We 

denote by £ the transposition interchanging antipodal vertices: (x, 1 ) •£>■ (x, — 1 ). 
Denote by Aut^ T ^ Aut T the subgroup consisting of all automorphisms of the 
graph r which preserve the antipodality relation. In general, Aut^ T is the 
centralizer of £ in the full automorphism group Aut T ^ Sym V; but in our 
case we obtain equality Aut^ T = AutT (see Lemma 15.41) . Similarly, two covers 
Oi : Ti —> r of the same graph T (for i = 1 , 2 ) are equivalent or isomorphic 
if there is a graph isomorphism p : Ti —> T 2 which preserves antipodality, i.e. 
8\ o p = 02- 

Given a : ( 2 ) —• y {±1} as above, for every triple {x,y, z} £ ( 3 ) we may 
define 

v(x, y, z) = cr(x, y)cr(y, z)a(z, x) £ {± 1 }. 

A triple {x, y , z} £ ( 3 ) is called coherent or non-coherent according as cr(x, y , z) = 
1 or —1. The set of all coherent triples forms a two-graph on V, denote by Ac-; 
and the set of non-coherent triples gives the complementary two-graph A a . 

Two sign functions 01 ,01 : ( 2 ) —> {±1} (or the corresponding graphs crj ^ 1 (1), 
cr^’ 1 (l) on V) are switching-equivalent in the sense of Seidel [l 6 ) if there exists 
a map / : V —> {± 1 } such that a 2 {x,y) = f(x)f(y)ai(x,y) for all {x,y} £ ( 2 ). 
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We have A ai = A CT2 iff a i and a -2 are switching-equivalent. Assuming this 
holds, then the corresponding covers r CTl and r CT2 are isomorphic via ( x , e) K > 
(x,f(x)s). 

In the special case of the complete graph T = A'y , the following three notions 
are equivalent (see [g, §1.5]): two-graphs on V, switching classes of graphs on 
V, and isomorphism classes of double covers of the complete graph A'y. For ex¬ 
ample given a double cover A'y —> A'y, the corresponding two-graph is obtained 
as follows (see 0, p.488]): Each triple {a;, y , z} of distinct vertices in V induces 
a triangle Ki xy z \ C A'y; and such a triple is coherent iff its preimage in A'y 
induces a pair of triangles, rather than a 6 -cycle, in ATy. 

An automorphism of a tuio-graph A is a permutation of the underlying point 
set V which preserves the set of coherent triples. We now relate Aut A to the 
group Autf AT < Aut AT defined above for the associated double cover K —»■ AT, 
where we abbreviate the complete graph A'y = A'. The following is easy to 
verify (or see B, §2], where this isomorphism is denoted GfZ = G ): 

Proposition 3.1. The group Aut^ A' acts naturally on A, inducing the full 
automorphism group of A. The kernel of this action is the central subgroup (Q 
of order 2; thus (Aut^ AT)/(£) = Aut A. 


4. Dual polar graphs of type Sp(2n, q), q odd 

Fix a finite field F g of odd prime power order q; an integer n ^ 1; a 2 n- 
dimensional vector space V over F g ; and a symplectic (i.e. nondegenerate alter¬ 
nating) bilinear form B : V x V —> F g . The symplectic group Sp{2n,q) consists 
of all (linear) isometries of B 1 i.e. 

Sp(2n,q) = {g £ GL(V) : B(x 9 ,y 9 ) = B(x,y) for all x,y € V}. 

The group of all (linear) similarities of B is 


GSp(2n , q) = {g G GL(V) : for some nonzero y £ F q we have 
B(x 9 ,y 9 ) = yB(x,y) for all x,y £ V}; 


12[ or CSp n (q) in d, p.31]. 


some other notations for this group are GSp n ( q ) in 
Replacing GL{V) by TL{V) = GL(V) xi AutF g , the group of all semilinear 
transformations of V, we obtain the group T,Sp(2n,q) of all semi-isometries , 
and the group TSp(2n,q) of all semi-similarities of B, given by 


£Sp(2n, q) = {g £ TL(V) : for some r £ AutF 9 we have 
B(x 9 ,y 9 ) = B(x,y) T for all x,y £ V} 

= Sp(2n,q) x AutF g ; 

TSp(2n, q) = {g £ TL(V) : for some nonzero y £F q and r £ Aut F ? 

we have B(x 9 ,y 9 ) = yB(x,y) T for all x,y £ V} 

= GSp(2n, q) x AutF g . 
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The projective versions of these groups are 


PSp(2n, q ) = Sp(2n,q)/{-I), 
PGSp(2n , q) = GSp(2n , q)/Z, 
PT,Sp(2n,q) = T,Sp{2n,q)/{-I), 
PTSp(2n,q) = TSp(2n,q)/Z 


where the central subgroup Z of order q— 1 consists of all scalar transformations 
v i->- Xv for 0 ^ A £ Fq. We have 

[PTSp(2n, q) : PY,Sp(2n,q)\ = [. PGSp(2n,q ) : PSp(2n, q)] = 2 


where the nontrivial coset in both cases is represented by h G GSp(2n, q) satis¬ 
fying B(u h ,v h ) = riB(u,v) and rj £ F g is a nonsquare. 

Our choice of notation for these groups, while not universal, is intended to 
conform reasonably with [?], 12|. The group PTSp(2n, q), for example, is denoted 
PCTSp n (q) in 0, p.31]. It arises (see Theorem 14.11) as the full automorphism 
group of the associated dual polar graph, which we now describe. 

Denote by V be the collection of all maximal totally isotropic subspaces with 
respect to B, i.e. 

V = {A < V : X 1 - = X} 


where by definition X 1 - = {u £ V : B(x,v) = 0 for all x £ X}. Members of 
V are often called generators , and every I £ V has dimension n. Denote by 
T = T(2n, q) the graph on V where two vertices X,Y € V are adjacent iff XC\Y 
has codimension 1 in both X and Y. More generally, the distance between X 
and Y in T is d(X, Y) = k £ {0,1, 2,..., n} where the subspace X fl Y has 
codimension k in both X and Y. Let T& denote the graph of the distance-A; 
relation on V; i.e. T^ has vertex set V and two vertices A, Y £ V are adjacent 
in Tfe iff d(A, Y) = k. The graph Ti = T is called the dual polar graph of type 
Sp(2 n,q). It is distance regular: given any two vertices X,Y in T at distance 
k £ {0,1,2,..., n}, the vertex Y has q( 2 ) [^] neighbors Z in T, of which 


Ofc = q k — 1 are at distance k from A, 

bk = q k+1 ["7*] are distance k + 1 from A, and 

Cfc = [J] are at distance k — 1 from X ; 

see §9.4]. The edges of Ti, T 2 ,..., r„ partition the non-identical pairs on V, 
viewed as the edges of the complete graph Ky; and together with the identity 
relation To = {(A, A) : A £ V} we obtain an n-class association scheme on V 
(see SectionjG]). This scheme is P-polynomial since T is distance regular; see [g]. 


Theorem 4.1. For n ^ 2, the full automorphism group ofT = T(2n,q) is the 
group PTSp(2n,q) acting naturally on the projective space ofV. 

Proof. See fl, p.275] (where this group is however denoted PSp(2n, q)). □ 
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Note that when n = 1, the dual polar graph T(2, q ) is simply the complete graph 
K q+ i , whose full automorphism group is the symmetric group of degree q + 1. 

For use in Section [5] we record the following well-known fact. Although it 
follows easily from the axioms of polar geometry (or of near polygons), in the 
interest of self-containment we include a proof. 

Lemma 4.2. The ‘diamond’ graph (as shown) is not an induced subgraph of 
the dual polar graph T. 



W 


PROOF. If X, Y, Z are mutually adjacent as shown, then X D Y and X D Z are 
distinct subspaces of codimension 1 in X, so X = (X D Y) + (X D Z), whence 
XCY + Z. Thus X = X ± DY- L nZ ± =Y n Z. Similarly, WDYnZ. Now 
X fl W contains a subspace of dimension n— 1, contradicting d(X, W) >2. □ 

Now let X be any n-dimensional vector space over ¥ q . An n-linear form 
/ : X n —► F ? (i.e. linear in each argument whenever the other n— 1 arguments are 
fixed) is alternating if f(xi,X 2 , ■ ■ ■ ,x n ) = 0 whenever two xfs coincide; equiv¬ 
alently, f(x it , x 2 r , ■ ■ ■, x n r) = —f(x i,x 2 ,..., x n ) for every odd permutation r 
of the indices. The space of all such alternating forms is one-dimensional, and 
is canonically identified with (/\ ,l X)*, the dual space of /\ ;i X. A determinant 
function on X is any nonzero alternating form X n —> F g . Since dim(/\" A)* = 1, 
a determinant function is determined up to nonzero scalar multiple. 

Fix a choice of determinant function Sx for each X € V. Although these 
choices are not canonical, one may proceed by arbitrarily choosing a basis 
ipx, ■ ■ ■, ipn f° r X* = Hom(A, F g ); then we obtain a determinant function 
on X by defining 

Sx(x 1 ,x 2 , ...,x n ) = det (i>*(xj) : 1 ^ i,j < n). 

We need to define a(X,Y) £ {±1} for any pair I / 7 in V. Let k £ 
{1,2, ...,n} be the codimension of X fl Y in both X and Y. Choose bases 
xi, x 2 , ■ ■ ■, x n and z/i, y 2 , ■ ■., y n for X and Y respectively, such that = yi (for 
k < i ^ n) is a common basis for X fl Y. (These bases depend on the choice of 
pair (X, Y) and so are unrelated to any bases for A' and Y used as a crutch for 
constructing the corresponding determinant functions). Define 

v(X,Y) = x(Sx(x 1 ,x 2 , ■ ■ ■ ,x n ) 6 Y {yi,y 2 , ■ ■ ■ ,Vn) det[B(xi,yj) : 1 < i,j ^ k]) 

where % : ~{±1} is the quadratic character: x( a ) = 1 or —1 according as 

a £ F^ is a square or a nonsquare. This definition is implicit in 00 ; and 
inspired by the literature, we refer to <r(A, Y) (or the ternary function er(X, Y, Z) 
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defined below) as the Maslov index. Note that B induces a nondegenerate 
bilinear form on the 2fc-space (X + Y)/(X D Y), so that the k x k matrix 
[B(xi,yj) : 1 ^ i,j ^ k] is nonsingular. 

Proposition 4.3. Let X,Y € V at distance d(X, Y) = k € { 0,1,2,..., n}. 

(i) The value of a(X,Y) is independent of the choice of bases Xi and yj as 
above. 

(ii) Its dependence on the choice of determinant functions is expressed as fol¬ 
lows: Replacing Sx by c6x has the effect of multiplying <r(X,Y) by x(c). 

(Hi) a(Y,X) = X (-l ) k a(X,Y) = (-l) k( - q ~ 1 ^ 2 a(X, Y). 

(iv) Let g € TSp(2n,q), so that there exists a nonzero scalar p g € F g and 
T g G AutF g satisfying B(x 9 ,y 9 ) = y g B(x,y) T3 for all x,y G Y. Then 
there exist nonzero scalars A g jj G F 9 for U € V, such that 

a {X 9 , Y 9 ) = X (h k g Kx\ g , Y )<r{X,Y). 

Proof. Consider a change of basis on An Y specified by x' i =y' i = J2k<j^n a ij x j 
where A = (o,j : k < i, j ^ n) is any invertible (n — k) x (n — k) matrix. Then 

S x {xi,.. .,x k ,x k+1 , ...,x' n ) = (det A)dx{xi, ■ ■ -,x n ) 

and Sy (yi,..., y n ) is multiplied by the same factor, det A. The (n — k) x (n — k) 
matrix [. B(xi,yj ) : k < i,j Sj n] is unchanged, so the value of a(X,Y) is 
multiplied by a net factor of x((det A) 2 ) = 1. 

Next consider replacing X\,... ,x k by x[,..., x k where 

x\ = ctijXj mod (X fl Y) 

l^j^k 

for i = 1,2 ,... ,k where A is an invertible k x k matrix, and we leave the basis 
of Y unchanged. Then 

Sx(x i,.. .,x k ,x k+ i, ...,x n ) = (det A)S x (xi,... ,x n ); 
det [B(x' i ,y j ) : 1 < i,j < k] = (det A) det [B(xi, yf) : 1 < i,j < k ] 

and the Sy factor is unchanged; so once again, the value of cr(X, Y) is multiplied 
by x((detA) 2 ) = 1. The same argument applies if y\,...,y k are replaced by 
y[,... ,y k , and so (i) follows. Conclusion (ii) is clear. 

Interchanging X and Y has the effect of interchanging the Sx and Sy factors, 
and replacing 

[B(xi,yj) : 1 < i,j < k] 

[B{yi,Xj) : 1 < i,j < k] = - [. B{x i ,y j ) : 1 < i,j < k], 
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The determinant of this matrix accrues a factor of (—l) fe , whence (iii) holds. 

Let g £ TSp(2n,q). There exists a nonzero p g € F g and r g £ AutF g such 
that (au + bv) 9 = a Tg u 9 + b Tg v 9 and B(u 9 ,v 9 ) = p g B(u,v) Tg for all a,b £ ¥ q 
and u, v £ V. Now the map 

X n F g , (xi,x 2 , ■ ■ ■ ,x n ) 5 X g (x 9 1 ,x 9 2 ,...,x 9 n ) Ta 

is a determinant function on A, so it is a scalar multiple of Sx(xi,x 2 , ■ ■ ■, x n ). 
Hence there exists a nonzero scalar Xx = X 9t x 6 F g such that 

5 X 9(x{,xl,...,x 9 ) = X g>x dx(xi,x 2 , ■ ■ ■ ,x n ) Tg 

for all xi,x 2 , ■ ■ ■ ,x n £ X. 

Now given X,Y £ V at distance k, fix bases x,, y, as before; then 
a(X 9 , Y 9 ) = x{5 X g (x{,x a 2 ,..., x g n )S Y 9 (yf, yf,..., y a n ) 
x det [B(x 9 ,y 9 ) : 1 < i,j < k]) 

= x(^g,xSx(xi,x 2 , ■ ■ ■,x n ) Tg \ g , Y 5Y(yi,y2, ■ ■ ■,y n ) T<3 
x det [p g B(xi,yj) Tg : 1 < i,j ^ k]) 

= x(k-g\, xX g x)x(Sx(xi,x 2 , ■ ■ ■,x n ) Tg 6 Y (y 1 ,y 2 , ■ ■ . ,y n ) Tg 
x det [B(xi,yj) : 1 < i,j < k ] Ts ) 

= X (l4\g,x\ g, Y HX,Y) 

since x(a T ) = x( a )- This proves (iv). □ 

For each triple ( X, Y, Z) with distinct X,Y,Z £ V, define 

cr(X, Y, Z) = a(X, Y)a(Y, Z)a(Z , X) £ {±1}. 

A triple (X, Y, Z) of distinct elements of V is coherent or non-coherent according 
as a(X, Y,Z) = 1 or —1. 

Theorem 4.4. Suppose q = 1 mod 4. Then the set of coherent triples forms a 
two-graph A a on V, invariant under PYSp(2n,q). 

Proof. Let X, Y, Z, W £ V be distinct. Since x( — 1) = 1, ( X , Y, Z) is coherent 
iff any permutation of its members yields a coherent triple; so the set of coherent 
triples may be regarded as a collection of unordered triples {A, Y, Z}. Since 

a(X, Y, Z)a(X , Y, W)a(X, Z, W)a(Y, Z, W) 

= a(X, Y) 2 a(X, Z) 2 ■ ■ ■ a(Z, W) 2 = 1, 

evenly many of the triples in {X, Y,Z,W} are coherent. If g £ TSp(2n , q) with 
B(x 9 , y 9 ) = p g B(x,y) Tg , then 

a (X 9 , Y 9 , Z 9 ) = X (hi {X ' Y) KxXgMh d g {Y ' Z)X 9 X^g,z) 
xx(h d g {Z ’ X) \,z\ g ,x)<j(X,Y,Z) 

= x(»g) d(X ' Y)+d{Y ’ Z)+d{Z ’ X) v(X, Y, Z). 

In particular when g £ Y,Sp(2n, q), p g = 1 and cr(X 9 , Y 9 , Z 9 ) = <j(X, Y, Z). □ 
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If q = 3 mod 4, or g £ PTSp{2n, q) with g £ PY,Sp(2n , q ), the situation is a 
little trickier: various subsets of the coherent triples form either two-graphs or 
skew two-graphs in the sense of (l3| . invariant under Sp(2n,q). We ignore this 
case here, and henceforth assume that 

q= 1 mod 4. 

We next show that in a geodesic path, every triple of vertices is coherent. 

Lemma 4.5. Suppose q = 1 mod 4. Let X,Y,Z £ V such that d(X,Y) = j, 
d(Y , Z) = k — j and d(X, Z) = k where 1 ^ j < k ^ n. Then cr(X, Y, Z) = 1. 

Proof. Choose a hyperbolic basis ei, e 2 ,..., e n , /i, / 2 ,..., /„ for V, so that 
B(ei,ej) = B(fi,fj) = 0 and B{ei,fj) = 8ij. Since Sp(2n,q) is transitive on 
triples of generators satisfying the given distance constraints, by Theorem 14.41 
we may suppose that 

X (ei, e 2 ,. • •, e n }, 4 (/i, / 2 ? ■ * * > fj ? • * ■ ? &n)> 

Z = (/i) / 2 j • • • j /fc, efc+i, efc+ 2 ,..., e n ). 

We choose the determinant function on X given by 

<5x(£i, £ 2 , ■••,£«) = detf-B^i,/,-) : 1 < ^ n] for xi, £ 2 ,..., x n £ X; 

this is nothing other than the determinant of the n x n matrix whose columns 
are the coordinates of Xi,... ,x n with respect to the basis ei, e 2 ,..., e n . The 
determinant functions Sy, 8z on Y and on Z are defined similarly, using the 
bases for Y and on Z listed above. The computation of cr(X, Z) is simplified by 
the fact that a basis for X' n Z is eu+i, efc+ 2 ,..., e n . We have 

8 x(ei, e 2 , • ■ ■, e n ) = 8z(fi, ■ • ■, fk, efc+i>..., e„) = 1 

and [ B(ei,fj ) : 1 Ss i,j ^ k\ is a k x k identity matrix, with determinant 1; 
thus cr(X, Z) = 1. Exactly the same reasoning gives a(X, Y) = er(Y, Z) = 1, so 
a(X,Y,Z) = 1. □ 

In the case of triples X, Y , Z not lying on geodesic paths, however, a (or 
its two-graph A^) yields interesting nontrivial information. In particular, the 
restriction of A a to partial spreads (sets of vertices of T mutually at distance 
n) was investigated in 0 §6]. Here we consider triangles in T: 

Lemma 4.6. Suppose q= 1 mod 4. Let X, Y £ V such that d(X,Y) = 1, i.e. 
X and Y are adjacent in T. There are a\ = q— 1 common neighbors Z of X 
and Y in T; and exactly half of the resulting triples (X,Y,Z) are coherent. 

Proof. Choose a hyperbolic basis ei, fi as in the proof of Lemma 14 .51 Again 
without loss of generality, 

X (ei, e 2 ,..., e^f ), I (^ 1 ,^ 2 ,***, ^n), Zj ^i~\~cxf±, e 2 , • • -, e^f) 


10 


where 0 / a £ F 9 . The q— 1 choices of a give exactly the q— 1 common neigh¬ 
bors of A' and Y in T. These bases of A, Y, Y give rise to natural choices 
of determinant functions Sx, Sy, Sz as described in the proof of Lemma 14.51 
When computing er(A, Y), cr(Y, A), a(Z, A), we use e?,, e 3 ,..., e n as the basis of 
XDY = xnz = YtlZ. Now 

dx(ei, e- 2 , ■ • •, e n ) = 5z{ei+afi,e2, ■ ■ ■, e n ) = 1 

and B(ei,e\+af\) = a, so <r(A, A) = X (a). Similarly, tr(A, Y) = er(Y, A) = 1 
and 

a(A,Y,A) = X (a). 

Since exactly half the nonzero elements of F g are squares, the result follows. □ 

Theorem 4.7. Suppose q = 1 mod 4. Let A, Y £ V suc/j t/iaf d(A, Y) = fc. 
TTien Y has exactly ak = q k —1 neighbors Z £ V at distance k from X in T; and 
exactly half of the resulting triples ( X,Y,Z ) are coherent. 

Proof. The result holds for k = 1 by Lemma [4.61 so we may assume k ^ 2. 
Given A, Y £ V with d(X, Y) = k, there are [^] choices of hyperplane H < Y 
containing A fl Y. Each such H yields an Sp(2, g)-space /H, which contains 
q+ 1 subspaces of the form Z/H with Z £ V. One such Z has distance k —1 from 
A, this being the subspace W = (YnZ) + An (Y+Z) = (Y+Z)n(X+(Yr\Z)). 
If we exclude W and Y itself, this leaves exactly q— 1 choices of Z having the 
required distances from A' and Y; and this gives (q— 1) [J] = q k — 1 = au choices 
of Z , the full number. But for how many such Z is the resulting triple (A', Y, Z) 
coherent? In each case <r(A, W,Y) = cr(A, W, Z) = 1 by Lemma iTol therefore 
cr(A, Y, Z) = cr(W,Y,Z). But by Lemma l4~6l given IV. Y at distance 1, exactly 
half of the q— 1 choices of Z yield coherent triples (W, Y, Z). Therefore among 
the Ofc = (g—1) [*] triples (A, Y, Z) with fixed A and Y, exactly [^] = 
{q k —1)/2 such triples are coherent. □ 

5. The Double Cover T —y T 

The resulting double cover T = T(2n,g) —> T(2n,q) has vertex set V = 
V x {±1} and adjacency relation 

(A, e) ~ (Y, s') d{ A, Y) = 1 and ee' = a{ A, Y). 

The covering map is given by (A, e) >->• A. 

Theorem 5.1. Every geodesic path 

Xq ~ X 1 -A fc 

in T (meaning that d(Xi,Xj) = | j — i\) lifts to exactly two paths 
(^Oi £ o) ~ (A^l 7 £ 1) ~ ' ' ' ~ (Xk i £ k) 

in T, in which £k = eotr(Ao, Afc) for each k ^ 1 ; thus any one of the e* deter¬ 
mines all the others along this path. 
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Proof. We have £1 = £ocr(X 0 ,Xi) by definition of adjacency in T. Assuming 
that Ei = EQa{X 0 ,Xi) for some i £ {1, 2,..., k— 1}, 


£i+1 — Eicr(Xi, Xi+i) — £oa(Xo 1 Xi)a(Xi, Xi + i) — £ocr(Xo, Xj+i) 


since cr(Xo, Xi, Xj + i) = 1 by Lemma H~5l □ 

However, not every geodesic path in T is obtained by lifting a geodesic path in T. 
For example if (X,Y,Z) is an incoherent triangle in T, say with <r(X, Y) = s, 
<r(Y, Z) = s' and a(X, Z) = —ee', then 

is a geodesic path of length 3 in F , obtained by lifting a closed path of length 3 
(not a geodesic path) in F . 

Lemma 5.2. Let Xq ~ X\ ~ ~ Xk be a geodesic path of length k 1 inT, 

so that d(Xi, Xj) = \j — i\, and let£,£' £ {±1}- Then (Xo,e) and (Xk,e') have 
distance k or k+ 1 in F , according as ct{Xq 1 Xk) = ee' or — ee' . In particular, 
the diameter ofT is max{n+l,3}. 

PROOF. If a(Xo,Xk) = ee' , then we have a path 

(Ao, £q) ~ (Ai, El) ~ • • • ~ (Afc, Ek) 


in r where Ei = £q(j(Xo, Xi) for i = 1,2,..., fc; in particular if Eq = e then 
Ek = s'. Clearly this path in T is shortest possible. 

Now suppose cr(X 0 , Afc) = — ee'. We first obtain a path 

(A 0 ,e) ~ (Ai,£i) ~ • • • ~ (Xk-i,£k-i) 

in T where £, = £ocr(Ao,Xi) for i = 1,2,..., fc—1. Let Y £ V be adjacent to 
both Xk-i and A f in T, such that a(Xk-i,Y, Xk) = —1. (By Lemma l4~6l there 
are ^ 1 choices of such Y £ V.) Appending 

(Xk-i,£ k -i) ~ (y,£") ~ (A fc ,£'), 

where e" = £k-icr(Xk-i, Y) = e'ct(Y. , Xk), we obtain a path of length k+1 from 
(Xo ,e) to (Xk,£ r ) in T; once again this path is shortest possible. □ 

The fibers of the covering map T —> T are the antipodal pairs {(X, 1), (X, —1)} 
for X G V. 

Lemma 5.3. Let (X,e) and (IF, e') be any two vertices ofT. Then (X, e) and 
(VP, s') are antipodal iff they are at distance 3 in F and are joined by exactly 
^q(q n — 1) paths of length 3 in F. 


12 


Proof. Consider a typical antipodal pair {(A', 1), (A, — 1)} where A £ V. 
There exist b o = g["] vertices Y £ V adjacent to A in T; and each such vertex 
Y has oi = q— 1 neighbors Z in common with A. By Lemma l4.61 exactly half of 
these choices of the vertex Z yield coherent triples (A, Y, Z). In particular, A 
lies in exactly = 59(9” — 1) incoherent triples (A, Y, Z), giving the same 

number of paths (A, 1) ~ (Y, e) ~ (Z, s') ~ (A, —1) of length 3 in T. There is 
no path of length < 3 from (A, 1) to (A, —1) in T, otherwise the covering map 
would give a closed path of length < 3 from A to A in T. This shows that any 
two antipodal vertices (A', 1), (A, —1) are at distance 3 in T; and in each case 
there are exactly \q(q n — 1) geodesic paths from (A, 1) to (A, —1). 

Conversely, let (A', e) and (W, e') be any two vertices at distance 3 in T. By 
Lemma [5721 d{ A, W) £ {0, 2, 3} in T. Consider first the case that d( A, W) = 3; 
then by Theorem 15.11 every geodesic path from (X,e) to (W, e') in T arises from 
a unique geodesic path A ~ Y ~ Z ~ W in T. There are exactly C3C2C1 = 
(q 2 +q+l)(q+l) such geodesic paths from A' to W; and this number clearly 
cannot equal \q{q n — 1). 

Next suppose d{X, W) = 2 in T. For every geodesic path 

(A,e)~(Y,e'0~(Z,e"')~ G^e') 

in T, we have A~Y~Z~Winr. Further, the condition d(X, W) = 2 
requires either A ~ Z or Y ~ W (but not both, by Lemma 14.21) . We first 
count geodesic paths satisfying A ~ Z, noting that the vertex W has C2 = g+1 
neighbors Z in common with A; and in each case cr(A, Z , W) = 1 by Lemma l4.51 
Moreover Z has ai = q— 1 neighbors Y in common with A (all of which satisfy 
a(Y,Z,W) = 1, again by Lemma [4.51) . By the two-graph condition, we have 
er(A ,Y,Z) = —1 iff cr(A, Y, W) = —1. By Lemma [4.61 for each Z there are 
exactly \{q— l) choices of Y satisfying the latter condition; and each such pair 
(Y,Z) yields a unique geodesic path (A, s) ~ (Y, s") ~ (Z,e"') ~ We 

obtain (g+l)-^(g—l) = ^(g 2 —l) geodesic paths in this case. There are another 
\{q 2 — l) geodesic paths from (A, e) to (W,e’) satisfying Y ~ W, for a total of 
q 2 — 1 geodesic paths. Once again, this number cannot equal \q(q n —l). □ 

Lemma 5.4. AutT acts naturally on T, with kernel (£}, inducing a proper 
subgroup Aut r/(^) < Aut T. 

Proof. By Lemma 15751 Autr permutes fibres of the covering map T —> F, and 
so Aut F acts naturally on T. It remains to be shown that the induced subgroup 
Autr/(C) < Autr is proper. 

Choose a hyperbolic basis e\, ..., e„, / 1 , / 2 ,..., /„ for V, so that B(ei, ej) = 

= 0 and B(ei,fj ) = %, and let r] £ F 9 be a nonsquare. Con¬ 
sider the subspaces A ,Y,Z,Z' £ V defined by A' = (ei, e2 ,..., e„), Y = 
(/i,e 2 ,...,e„), Z = (ei+/i,e 2 ,...,e n ) and Z' = (ei+17/1, e 2 ,..., e n ). By 
straightforward computation, <r(A, Y, Z) = 1 and er(A, Y, Z') = —1. Now con¬ 
sider g £ GL(V ) mapping our original ordered basis to the new ordered ba¬ 
sis ei, r?e2 ,..., rje n , ijfi, fa ,..., /„ so that B{u 9 ,v 9 ) = r]B(u,v) for all u, v £ 
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V ; thus g £ GSp(2n, q) induces an automorphism of the dual polar graph 
F = r(2?r, q). However, g maps the coherent triple {X,Y,Zj to the non¬ 
coherent triple {X,Y,Z'j and so does not preserve A a . If g were induced 
by an automorphism of T, this automorphism would map {X, Y, Z} x {±1} to 
{ X , Y, Z'} x {±1}. However, the induced subgraphs of T on these two 6-sets of 
vertices are not isomorphic (a pair of triangles and a 6-cycle, respectively; see 
Section [3]). □ 

The natural action of T,Sp(2n, q) on V lifts to an action on V as follows: Let 
g £ TiSp(2n, q ) with associated field automorphism r g in the earlier notation of 
this section. Given (U, e) £ V, the map 

U n -> F„ ■ ■ • ,«n) 5 U9 (u{,u 9 2 , .. • ,u®) r 9 

is a determinant function; so there exists a nonzero constant \ g ,u £ F g such 
that 

8 ug(u\,u 9 2 , . . . ,u 9 n ) = Xg tU S U (u 1 ,U 2 , ■ ■ ■ ,U n ) Tg . 

Define {U,e) 9 = {U 9 ,x{X g ,u)z)- One easily checks that this defines an action 
of YSp(2n,q) on V. The central element —I £ Sp(2n,q) fixes every U £ V and 
since 

Su{-Ui, -u 2 , ■ • •, - U n ) = (~l) n du(ui,U2, • ■ • , u n ) 

where \(— l) n = 1, — I acts trivially on V; thus Y,Sp(2n, q) induces a permuta¬ 
tion group PT,Sp(2n,q) on V. The transposition £ which exchanges antipodal 

vertices via (£/, 1) -H- (U, — 1) is not induced by any element of PYSp(2n, q) since 
Z(PY,Sp(2n,q)) = 1, so we obtain a permutation group (£) x PYSp(2n,q) act¬ 
ing faithfully on V. We show that this permutation group preserves the graph 
T, and is in fact its full automorphism group: 

Theorem 5.5. AutT = 2xPY,Sp(2n,q) where this group acts as defined above. 
The full automorphism group of the two-graph associated to a is Aut A a = 
PYSp(2n, q). 

Proof. Suppose (X,e) ~ (Y, e r ) in T, so that a [X,Y) = ee'\ and let g £ 
'ESp(2n, q) with r g £ AutF g as above. Then by Proposition 14. 3f ivl we have 

a(X 9 ,Y 9 ) = X (X g ,xX b ,yMX,Y) = {x(X g , x )e)(x(X g>Y )e / ) 

so that by definition, (X, e) 9 ~ (Y, e’) 9 . Thus PT,Sp(2n,q), acting on T as 
defined above, preserves the graph T. It is clear that the central factor (£) also 
preserves T, so that AutT has a subgroup isomorphic to (Q x PYSp(2n,q). 
Moreover by Proposition 13.11 Aut P/(£) = Aut A a . (We use the fact that by 
Lemma T5.41 Autf T = AutT in the notation of Proposition 13. Il l 

Suppose now that n ^ 2, so that AutT = PTSp(2n,q) by Theorem 14. II By 
Lemma 15.41 AutT acts on T, inducing a group of automorphisms satisfying 

PY,Sp(2n,q) ^ Autr/(C) < PTSp(2n,q). 
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This forces AutT = (£) x PY,Sp(2n,q) and Aut A a = P'ESp(2n,q). 

Finally suppose n = 1, so that A ff is the Taylor-Paley two-graph on q + 1 
vertices, with full automorphism group Aut A CT = PT,Sp(2, q) = PT,L(2,q) by 
[H, Theorem 2]; see also jl3, §4]. As above, AutT has a subgroup isomorphic 
to (£) x PY>Sp(2,q), and AutF/(£) = Aut A CT = PT,Sp(2,q), so we must have 
equality: AutT = 2 x PYiSp(2,q) = 2 x PT,L(2,q). □ 


6. The Association Scheme 

From the double cover F —> T, we now construct association schemes. As 
we will see in Section [71 this gives a new family of Q-pohmomial association 
schemes. We begin with the relevant definitions, following JJ Chapter 2], 

Let 12 be a finite set. A (symmetric) d-class association scheme on 12 is a 
pair (12, 1 Z) such that 

1.7?. = {i? 0 , • ■ ■, Rd,} is a partition of 12 x 12; 

2 . Rq is the identity relation on 12; 

3. Ri = Rj for 0 < * < d; and 

4. there are constants p^ such that for any pair (x, y) £ Rk , the number of 
z £ 12 such that ( x , z) £ Ri and (z, y ) £ Rj equals p-). 

For the rest of this paper, all association schemes are symmetric (i.e. the third 
property above holds). Each relation Ri has adjacency matrix Ai defined by 


(A) 





if (x,y) £ Ri ; 
otherwise. 


The axioms above imply that pC = and the matrices Aq, ... , Ad form an 
algebra of symmetric matrices satisfying A, A ? = ^2 k PijAk- This matrix algebra 
is also closed under Schur (entrywise) multiplication, which we will denote by 
‘o’. This algebra is referred to as the Bose-Mesner algebra 2t of the association 
scheme. 

Since 21 is a commutative algebra consisting of symmetric matrices, its el¬ 
ements are simultaneously diagonalizable, and 2 t has a second basis consist¬ 
ing of primitive idempotents Eq, ... , Ed- We define the parameters Qij by 
Ej = |Ay yA QjjAj. Similarly we define the parameters P l3 by the relation 
Aj = PijEi. The matrix P of parameters Pij is often referred to as the char¬ 
acter table of the scheme. The matrix Q of parameters Qij satisfies Q = |12|P _1 . 

We say an association scheme is Q -polynomial if, after suitably reindexing 
its idempotents, the idempotent Ej is a degree j polynomial in E\ (where mul¬ 
tiplication is done entrywise). This is equivalent to the condition that the jth 
column of the Q-matrix is a degree j polynomial of the column 1 of the Q-matrix 
(note that we start indexing the columns at 0 ). 

Permutation groups give many examples of association schemes. Let G be a 
transitive permutation group acting on a finite set f 2 , and suppose the orbits of 
G on f2 x fl happen to be symmetric relations; such a group is called generously 
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transitive). It is not hard to check that the orbits of G on x form an 
association scheme. We will refer to these schemes as Schurian schemes. 


We will now construct a (2n+l)-class Schurian association scheme S = S n ^ q 
with vertex set V = V x {±1} of cardinality |V| = 2|V| = 2g" 2 JX" =1 (g 21 — 1) 
using the Maslov index a and the double cover T —>• T (defined as in Section [5]). 
For k = 0,1,2,..., n, the fcth and (2n+l—fc)th relations are given by 

Rk = {((X, e), (Y, e')) G V x V : d(X, Y) = k, ee' = a(X, Y)}; 
R 2 n +i-k = {((X, £),(¥,£')) G V x V : d(X,Y) = k, ee’ = -a(X,Y)}. 


These are symmetric relations which clearly partition V x V. In particular, 
R\ is the adjacency relation of our graph F of Section [5j and the identity and 
antipodality relations are 

ifc = {((X,E),(X,£)):XGV, £ = ±1}; 

R 2n+1 = {((X, e), (X, -£)) : X G V, £ = ±1}. 


We will write 

(X, e) l (Y,s') ^ ((X, e), (Y, e')) G R z . 

In the following, the parameters ai,bi, Ci are those of the dual polar graph T as 
given in Section [4] 


Lemma 6.1. Let (X, e) ~ (Y, £ r ) where k G {0,1, 2,..., 2n+l}. The number of 
(Z,e") G V such that (X,e) ~ (Z, e") ~ (Y, s') is 


\a k = \ {q k - 1 ), 
b k = q k+1 [ n - l % 


Pi, i = b : 


y 2n+l —fc 


g 2n+2-fc[fc-n-l] i 


1 „ _ 1 /„2n+l —k i \ 

2 ^ 2 n+l — k — 2 

„ _ [2n+l — 

02n+l — k — [ i J ? 


lo, 


if i = k— 1 ^ n; 
if i = k; 

if i = k+1 ^ n+ 2 ; 
if i = k—1 n— 1 ; 
if i = 2 n+l—fc; 
if i = k+1 n+ 1 ; 

otherwise. 


PROOF, (i) First suppose d(X, Y) = k < n, so ee' = cr(X, Y). Then (. Z , e") G V 
satisfies (X, e) ~ (Z, e") ~ (Y, e') iff 


case (i.a) 
i = d(X , Z) ^ n 
d(Z, Y) = 1 

e" = ecr(X, Z) = e'ofY , Z) 


case (i.b) 

f = 2n+l—d(X, Z) ^ n+1 
d(Z, Y) = 1 

£" = -£cr(X, Z) = £'ct(Y, Z) 
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Moreover, each such (Z,e") satisfies d(X,Z) € {k—l,k,k+l} by the triangle 
inequality. 

There are exactly Ck = [J] choices of Z £ V satisfying d{X,Z) = k— 1 and 
d(Z 1 Y) = 1. Each such Z yields a coherent triple ( X,Y,Z) by Lemma 14.51 
so ee' = a(X,Y) = <j(X, Z)a(Y, Z). This yields Ck pairs (. Z,s"), all of which 
satisfy (i.a). 

There are exactly bk = q k+1 [ n ^ fc ] choices of Z £ V satisfying d(X. Z) = k+1 
and d(Z, Y) = 1. Each such Z yields a coherent triple ( X , Y, Z) by Lemma HT5l 
once again with ee' = a(X,Y) = a(X, Z)a(Y, Z). This yields bk pairs (Z,s"), 
all of which satisfy (i.a). 

There are exactly ak = q k — 1 choices of Z £ V satisfying d(X, Z) = k 
and d(Z,Y) = 1. By Theorem 14.71 exactly ak /2 of these Z yield coherent 
triples (X, Y, Z), in which case ee' = a(X, Y) = a(X, Z)a(Y, Z); this yields ak /2 
pairs {Z,e") satisfying (i.a). The remaining ak /2 of these Z yield incoherent 
triples (X,Y,Z), with ee' = cr(X,Y) = —er(X, Z)a(Y, Z); and the resulting 
pairs (Z,e") satisfy (i.b). □ 

In Section [5] we lifted the action of PY,Sp(2n,q) on V, to a transitive per¬ 
mutation action of (£) x PYSp(2n,q) on V (below Lemma [5.411 . Theorem 15.51 
shows that this group preserves R\ (the adjacency relation of the graph T). We 
next show that this group preserves each of the relations Ri, and so gives the 
full automorphism group of the scheme. 

Lemma 6.2. The diagonal action of 2 x PSp(2n, q) on V x V preserves each of 
the relations Ri. The same conclusion holds for the subgroup 2 x PYSp(2n,q). 

PROOF. Clearly the central factor (17,e) A (U,—e) preserves each Now let 
g € Sp(2n, q), and suppose X, Y £ V such that d(X, Y) = k e {0,1,2,..., n}. 
Also let e,e' € {±1}, so that ((X, e), (Yj e')) e Rk or R 2 n+i-k according as 
ee'a(X, Y) = 1 or —1. Since g preserves distances in T, d(X 9 ,Y 9 ) = k. Let 
Xi,x 2 , ■ ■ ■ ,x n and J/i, y 2 , ■ • •, y n be bases for X and Y respectively, such that 
a basis for X D Y is formed by x k +i=Dk+i, Xk+ 2 =Vk+ 2 , •••, x n =y n . Then 
(X,e) 9 = (X 9 ,x(X g ,x)e) and ( Y,e’) 9 = (Y 9 ,x(X 9 ,y)s') where 

X(A 9 , A -)£X(A g , Y )e'a(X 9 ,Y 9 ) 

= £e'x{K,x 6 x!> (xf, ■ ■ ■, x B n )\ g , Y S Y 9 (y (,..., y 9 n ) 

x det [B(x?,y?) : 1 < i, j < k]) 

= £e'x(>?g,x)?g,Y S x(xi,... ,x„)S Y {yi, ■ ■ ■ ,y n )det[B(xi,yj) : 1 < i,j < k]) 
= ee’a(X, Y). 

If this value is 1, then both (X,e) ~ (Y,e') and (X, e) 9 ~ (Y, e') 9 ; but if the 
latter value is —1, then (X, e) 2 "Ai k (Y,e r ) and (X,e) 9 2 "Ai k (Y,e') 9 . 

Thus 2 x PSp(2n, q) preserves the relations Ri as claimed. A similar argu¬ 
ment holds for 2 x PT,Sp(2n, q). □ 
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It is easy to see that (() x PY,Sp(2n,q) acts transitively on each Ri, and 
similarly for (() x PSp(2n,q). This yields 

Theorem 6.3. The diagonal action of the group 2xPSp(2n,q) onVxV has or¬ 
bits Rq, R\, ... , R 2n +\; so these form the relations of a (2n, + 1 )-class Schurian 
association scheme. The same conclusion holds for 2 x PY,Sp(2n,q), which is 
therefore the full automorphism group of the association scheme S. □ 

7. The Q-polynomial property 

In this section we will use some parameters of the scheme to prove that the 
association scheme S is Q-polynomial. We will benefit from the action of the 
T,;’s by left-multiplication on the Bose-Mesner algebra, resulting in matrices Li 
defined by (Lfjkj = p In particular, the parameter p\^ of the scheme from 
Lemma I6J1 is the (fcQ)-entry of the matrix 

/0 b 0 0 0 0 • • • 0 0 0 0 \ 

1 f b x 0 0 0 0^0 

0 c 2 ^ 0 ••• 0 .-'oo 

0 0 6 d _i 0 2 ^ 0 0 0 

000 c d 'f ?£ 0 000 

1 “ 0 0 0 0 ^ c d 000 ' 

0 0 0 ^ 0 b d _ 1 0 0 

oo.-' 0 0 0 ^ c 2 0 

0^00 0 0 0 h f 1 

\0 6 0 0 0 0 0 0 b 0 0 / 

As it turns out, this matrix has distinct eigenvalues, which in turn will give 
us a great deal of information about the scheme. In particular by [t| Proposition 
2.2.2], the columns of Q are right eigenvectors of L\. We will use the following 
generalization of Theorem 8.1.1] to prove that S is Q-polynomial. 

Theorem 7.1. Suppose Aj is a matrix in a d-class association scheme (Cl,TV) 
with d + 1 distinct eigenvalues. Then (Cl,TZ) is Q-polynomial if and only if 
there is a sequence of distinct complex numbers cr 0 ,ai,... ,a d and polynomials 
so(x), si(x), ..., s d (x) of degree 0,1 ,... ,d, respectively, with 

= s ^) 

3 

for 0 ^ i ^ d. Furthermore, the leading coefficients of the polynomials so(x), 
si (a;), ..., s d (x) are precisely the eigenvalues of A,; in a Q-polynomial ordering. 

PROOF. Without loss of generality we assume Ai has this property. Let L\ be 
the corresponding intersection matrix. Let S, T be the d +1 by d +1 matrices with 
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Sjk = <Jj and Tjk equal to the coefficient of x J in the polynomial s k (x). Then the 
above statement is equivalent to L\S = ST. Then Li is similar to T and since 
T is upper triangular, the diagonal entries of T are precisely the eigenvalues 
of L\. Since T is an upper triangular matrix with distinct diagonal entries, 
an easy induction shows that it can be diagonalized by an upper triangular 
matrix. Namely, there is an invertible matrix U and a diagonal matrix D with 
Djj = Tjj such that U~ 1 TU = D. Then Li(SU) = ( SU)D. This implies that 
the columns of SU are eigenvectors of L\, hence there is a diagonal matrix D' 
such that SUD' = Q. Since the jth column of SUD' is a degree j polynomial 
of the first column of T, which is a linear combination of columns 0 and 1 of 
SUD’, it is clear that the jth column of SUD' is a degree j polynomial of the 
first column of SUD'. This implies that the columns of Q are in a given Q- 
polynomial ordering, which in turn implies that the ordering of the eigenvalues 
in T is a Q-polynomial ordering. □ 

This leads to our main result: 


Theorem 7.2. The scheme S is Q-polynomial. Furthermore, it has two Q- 
polynomial orderings. 


Proof. Let r = v / q and d = 2n + 1. We define the sequence of polynomials 

r z \ a ~[ +1 ] x e + ^ [Y] x e ~ 2 , for t odd; 

r* ([Y +1 ] - £) J + ^ (ft 1 ] +r e ~ 2 ) for £ even 



°3 


ro "> 

1 

r ‘2n-\-l — j ■> 


for 0 ^ j ^ n; 

for n + 1 < j ^ 2n + 1. 


The polynomials sq(x), ..., S 2 n +i(x) realize <Jo,..., er 2 n+i as a Q-sequence for 
5, as we proceed to show by direct computation. For k U, n we have JT PijCTj = 
CkO’l_ 1 + yf <rjr + b k a e k+1 + ^cr^n+i-fc- For °dd t this reduces to 

1 + bk&k+i = r (k-Di [J] + 9 ([i] “ [T] “ [?]) r (fc+i)<> 

=«'+«([;]-rai) 

= twV ([”f] - G] + ft'] - ft 1 ]) 

= 0"d +, P'+[VP (l+1 j 




whereas for even £ we have 

Ej Pij a j = Ck(J k -1 + akCr k + bk^l+l 
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r (fe+ 

_ 1 _ 

r (k + 


. r 2fc+« _ / 


) 


Miti-ki wti-m+ 

= TTtW (["TV' - r< + [qV“+» + r“+<) 

= r c ([ n J +1 ] - tt) tie? + 77 = ([ f 1 L ] + ^ 2 ) ^( 1 - 2 ) 

= S^(o-fc). 

Now we deal with k ^ n + 1, noting that 

E „fc _•£ _ L —i | Q,2n + l-fc -t | £ | Q’2n + 1 — fe _■£ 

— fr2n+l-fc0fc-l H j- a k + c 2 n+l-fc^A;+l H 2- a 2 n+l-fc* 


For odd ^ this reduces to 

t ) 2n+l — k cr k — l "h c 2ra+l — k&k+l ^2n+l — k&2n+2 — k ^2n+l— k&2n—k 

= — St((T2n+l-k) = Se(—CT2n+l-k) = S^(fTfc), 


while for even t we obtain 


U2n+l-k&k-l + °2n+l — fcCfc + C2n+l-fc<7 fc+1 

1 £ £ £ 

= 02n+l-feO’ 2rl _|_2-fc + U2n+l-fcO’ 2 „_|_ 1 _ fc + C2n+l-fcO^n-fc 
= S^((J2n+l-fe) = Si( — <J2n+l-k) = Se(cTk)- 


For nonsquare q the splitting field of S is irrational, implying that it is 
a quadratic extension of the rationals, namely Q(r). The Galois group acts 
faithfully on the idempotents of the scheme, yielding a second Q-polynomial 
ordering. This second Q-polynomial ordering can also be obtained by replacing 
r 1 —y —r in both the crj and the polynomials sg(x), showing that this second 
ordering exists for square q as well. □ 


We note that by a result of Suzuki 
most two Q-polynomial orderings. 


17], Q-polynomial schemes can have at 


8. The P-matrix 

We now compute the P-matrix of the scheme S , expressing it in terms of 
the auxiliary matrices P and P whose entries are defined by 


=£(-!)* 


j- 2 e+{j-ef+e 2 |-n-*j. 


1=0 

j 


p>, =Ei- 1 ) 




e=o 
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By [§, Proposition 2.2.2], the P-matrix is determined by the left-normalized left 
eigenvectors of Li. We first show that the rows of P and P are left eigenvectors 
of the matrices defined by 



(° 

bo 

\ 


/° 

6 o 

\ 


1 

oi h 



1 

0 bi 




C2 02 




c 2 0 


M = 



a^_i 6^-i 

, M = 


0 bd- i 



l 


Qi Q'd j 


l 


Cd 0 / 


respectively. We will show that the corresponding diagonal forms are 

D diag(Pio, Piii - • •, P-in), D — diag(Pjo> Pn, • • •, Pm)- 

The ordering we give to the eigenvectors of M and M may seem arbitrary, but 
will be important later. 

Theorem 8.1. PM = DP and PM = DP. 

Proof. Fix i and let Vi = (Pm, Pi i, ■ ■ ■, Pin)- We must show that ViM = PnVi. 
In particular, we need to show the following recurrence holds for all j: 

0 [A-<] +«; E(-i)V-“+ (J - , >’+'' a 

e=o e=o 

3 +1 

+ c j+i £<-a yyj 

i=o 

1 =0 

Multiplying both sides by q — 1 and substituting for bj_i,aj and Cj+ 1, we find 
this is equivalent to showing that the quantity Zj, defined as follows, vanishes 
for all j: 

zj = (<f +1 - tf) [j] 

t=o 

+ (Q - l)W - 1) £(- 1)V- 2 ^) 2 ^ [3 [—] 

e=o 

3 +1 

+ (q^ - [A+J 

£=0 

- (^( 9- 2i+1 - 1 ) - <7 + 1 ) ±(- i )^- 2 ^-^ 2 [3 . 

1=0 
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The second and last sums combine, simplifying to 


Zi 


{q n+1 ~ q j ) E(-l)^-"- 1+W -'- 1)3+ ' 3 [3 ij-e-l] 


+ ((9-l)? j +q i -q n ~ i+1 ) V(-1)V 


o- 2 ^+<j-u +r m 


^=0 


J'+l 

+ (<f +1 -1) E(-i) V^ +1+ ^ +1 ^ 2 [2 [. 
£=0 



Now it suffices to show that the generating function Z(t) = ^ZJLo z jV vanishes. 
We first express Z(t) in terms of the polynomials E m (t) defined in Section El 
Using Proposition I2.2f iiil. we are able to rewrite our generating function as 
Z(t) = Ei + E 2 + • • • + ^6 where 

00 j —1 

Ei = q n+1 E £(-l)V- 2 *- 1+( ^- 1)2 +* 2 [j] 
j-o e=o 

= q n+1 tE i (-t)E n _ i (qty, 

00 j —1 

e 2 = [j-7-i]^' 

j =0 £=0 

= -qtEi(-qt)E n _i(q 2 t); 

00 j+i 

s 3 = («-1) E ^ E(-i )V- 2<+ w- /)2 + /a [a [;z;]u 

j =0 ^=0 

= (g - 1 )Ei{-qt)E n -i(q 2 t)] 

OO J + l 

S 4 = (g 4 - g” _i+1 ) E E(- 1 ) V ’" M+(# " fla+ ' a [3 ["-3^ 

j =0 1=0 

= (g* - q n ~ i+1 )Ei(—t)E n ^i(qt)-, 

OO 3 

=e ^ 1 E(-i)v-^ i+ «-^ i)2 ^ 2 a 

j=0 ^=0 

= \Ei(-qt)E n -i(q 2 t); 

OO j 

Ee = -jj ( -i)V-w^ [;] 

j =0 £=0 

= -jEi(-t)E n _i(qt). 
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Using Proposition l2.2U ai), we find 


Z(t) — 521 + Yj 2 + S3 + S4 + S5 + ^6 
= (q n+1 t + q i - q n ~ l+1 - \ 

+ ( ;r_U UC2U H*+« 1 + \])Ei{-t)E n _Mt)= 0 

as required. 

The strategy for showing PM = DP is very similar but the details are 
sufficiently different that we provide the details here. Fix i and let iq = 
(PiO, Pn,..., Pin). We must show that Vj,M = PnVi. In particular, we need 
to show the following recurrence holds for all j: 


3 -1 


£=o 




ri ] r n—i 

YA U-i- 


3+1 

el + c i+iE( _1 ) <r 

^=0 


t r U+i-ef+r 


ri] f n—i 

Ld Yj+i~e\ 


e—o 

Multiplying both sides by q — 1 and substituting for bj—i, Cj+i, we find this is 
equivalent to showing that the following is zero for all j: 

*, = (9” +1 - 

e=o 
3 +1 

+ (q^ - 1) E(-l)^^ +1)2+ ^ 2 0 U7+l] 

e=o 

9 l (9 2n " i - 1) E(-l) V °'-' )2+ " 2 0 £3 ' 

e=o 

Again, it suffices to show that the generating function Z(t) = YlAjLo z jV van¬ 
ishes. As before, we first rewrite our generating function as Z(t) = Si + E 2 + 
• ■ ■ + T,q where 

Sr = <f + 1 xi(-l)V^- 1 ) 2 + *V0 = q n+ 1 tE i (-rt)E n _ i (rt); 

e=o 

5 2 = -^ E(-l Yr«-^ +e t%] [.^J = —qtEi(—r 3 t)E n _i(r 3 t); 

e=o 
3+ 1 

5 3 = = \Ei{-r 3 t)E n _i{r 3 t)-, 

3 +1 

5 4 = -E(- 1 ) V(J '" m)2+<a * / 0 k-7+i]*”* = -^ i (-rt)£7„_ i (rt); 

e=o 
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s 5 = -rq 2n J2(-l) e r^ 2+e2 t e ti] [”i;]r = —rq n ~ i E i (—rt)E n -i(rt); 

e=o 

S 6 = rq 1 £(-l)V*-O a +*Y[j] = rq i Ei(—rt)E n -i(rt) 

e =o 

in terms of the polynomials E m (t) defined in Section[2] Using Proposition ^. 21 in), 
we find 

Z (t ) = Si + S2 + S3 + S4 + S5 + Sg 
= (q n+1 t - i - rg "" 4 + rq 1 

+ (7 - g*) ' t] ) E i(-rt)E n -i(rt) = 0 

as required. □ 


Corollary 8.2. The P-matrix of the Q-polynomial scheme S is given by 

j Pij = Pi.‘ 2 n+i—j = Pi t j for i even, 0 < j < n; 

[Pi,j = -Pi, 2 n+1-j = -P|iJ ,j f° r * odd ’ 0 ^ j < n. 

PROOF. If (vq, ■ ■ • ,v n ) is a left eigenvector of M or M, it is easily seen that 
either (vo, ■ • •, v n , v n , ..., Vo ) or (vo, ..., v n , —v n , ■ • •, — r>o) is a left eigenvector 
of L 1 , respectively. The fact that this ordering of the eigenvalues of L\ is a 
Q-polynomial ordering follows from Theorem 17.21 □ 

9. A hypothetical subscheme 

We ask whether S is the extended Q-bipartite double (in the sense of il3j |f 
of a primitive Q-polynomial scheme. We investigated these parameters up to 
n = 20 and found they satisfied the Krein conditions, had integral eigenvalue 
multiplicities and nonnegative integral p^j , and satisfy the handshaking lemma 
for all square q. This appears to give an infinite family of feasible parameters for 
primitive Q-polynomial schemes with an unbounded number of classes. Detailed 
parameters and a proof of feasibility will be given in a forthcoming paper of 
Eiichi Bannai and Jianmin Ma. 

We give the smallest case below for which existence is unknown: 


/1 

r 4 +r 3 +r 2 +r 

r* 4 —r 3 +r 2 — r 

r 6 +r i 

r 6 —r 4 


1 

3 j? 

r 6 -\-r 2 -\-r— 1 

—r 3 -\-r —r—1 

r 4 —r 2 

i 2 2 

—r —r 


2 

2 

2 

2 

p = 

1 

r 2 —1 

-J-l 

r 2 —1 
-^-1 

—r 2 

0 


1 

0 

r 2 


\1 

o \ 

— r d — r z — r — 1 

o 2 

r*—r z +r— 1 

r 4 +r 2 

-r 4 +r 2 


2 

2 

2 

2 
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Q = 


(i 

1 

1 

1 

Vi 


r —1 
, 2 

r — 2r+l 
„ 2r 

—r 4 —2r—1 
2r 

r 4 —2r 2 + l 
2 r^ 

—r 4 —2r 2 —1 

2 p 


r b +r 4 +r 2 + l 
5 4 ®, , 

r — r 
_ 2r 

r 5 +r 4 +r+l 

2 r 

—r 4 —1 

—rs— 


Ln — 


o 

/I 0 0 
0 10 
0 0 1 
0 0 0 
\0 0 0 


r°- r 4 +r 2 - 1 

5 , 2 4 , , 

—r +r —r+i 
_ 2 r 

—r 5 —r 4 —r—1 
2 r 

0 


r +1 

“ 


o o\ 
0 0 
0 0 


0 

V 


r 4 + l \ 

2 1 ' 

— r — 1 

2r 

r £ +1 
2r 

r f +l 

“Sr 3- 

— r 4 —1 / 

2r 2 / 


£l — 


/0 

1 

0 

0 

Vo 


r -\-r +r +r 
2 2 

r 2 +2r-3 

4 

r 2 +2r+l 

o ^ 

r 2 +2r+l 

2 

0 


0 

r 2 —1 
4 

r 2 —1 
4 
0 

r 2 + l 
2 


0 

r 4 +r 3 

2 

0 

r 4 +r 3 +r 2 -r—2 
.4 

r 4 +r 3 +r 2 +r 

4 


0 

0 

r 4 +r 3 

r 4 +y 3 — r 2 — r 
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r 4 +r 3 — r 2 +r—2 
4 


L 2 — 


/o 

0 

1 

0 

Vo 


0 

r 2 —1 

4 

0 

r 2 +1 
2 


r —r —r 

2 2 

r —2r+l 
2 4 

r 2 —2r—3 


2 ^ 

r —2r+l 
2 


0 


r —r +r +r—2 
4 

r 4 —r 3 +r 2 — r 


0 

r 4 —r 3 
2 

0 

r 4 —r 3 —r 2 +r 
4 

r 4 —r 3 —r 2 —r —2 


L?> — 


fo 

0 

0 

1 

Vo 


0 

r 4 +r 3 

2 

0 

r 4 +r 3 +r 2 —r—2 

. 4 

r 4 +r 3 +r 2 +r 

4 


r — r +y—2 


r —r v +r —r 
4 


r°+r 

r 6 +r^—2r 3 
r e +r^+2r 3 
r G +2r 4 —3r 2 

„4 „ 


0 

r 6 —r 4 
6 4 4 

r —r 

r 6 — 2r 4 +r 2 
.4 0 


l 4 = 


/o 

0 

0 

0 

Vi 


0 

0 

r 4 +r 3 

r 4 +r 3 — r 2 — r 
4 

r 4 +r 3 -r 2 +r-2 


2 

0 

r 4 —r 3 —r 2 +r 
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r 4 —r 3 —r 2 —r —2 


0 

r 6 -r 4 
r 6 —r 4 
r 6 —2r 4 +r 2 

.4 „ 


r —r 

r G -3r 4 +2r 3 

r 6 -3r 4 -2r 3 

r 6 -2r 4 +r 2 

4 

r 6 -4r 4 +3r 2 

I 


T * — 

L 0 — 


/l 0 0 0 
0 10 0 0 
0 0 10 0 


0 0 0 1 

\0 0 0 0 


0\ 


0 

V 
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